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A ﬁnite group G is quadratic rational if all its irreducible characters
are either rational or quadratic. If G is a quadratic rational solvable
group, we show that the prime divisors of |G| lie in {2,3,5,7,13},
and no prime can be removed from this list. More generally, if G
is solvable and the ﬁeld Q(χ) generated by the values of χ over
Q satisﬁes |Q(χ) :Q| k, for all χ ∈ Irr(G), then the set of prime
divisors of |G| is bounded in terms of k. Also, we prove that the
degree of the ﬁeld generated by the values of all characters of a
semi-rational solvable group (see Chillag and Dolﬁ, 2010 [1]) or
a quadratic rational solvable group over Q is bounded, giving a
positive answer to a question by D. Chillag and S. Dolﬁ.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a ﬁnite group. An ordinary character χ of G is rational if χ(g) ∈ Q for all g ∈ G , or
equivalently if Q(χ) =Q where
Q(χ) =Q(χ(g) ∣∣ g ∈ G)
is the ﬁeld of values of χ in G . Similarly, an element g ∈ G is rational in G if Q(g) =Q where
Q(g) =Q(χ(g) ∣∣ χ ∈ Irr(G))
is the ﬁeld of values of g in G .
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rational. In [3], R. Gow proved that a solvable rational group is a {2,3,5}-group, and examples exist of
solvable rational groups whose order is divisible by any of these three primes. (J.G. Thompson proved
that the primes that can occur as the order of a cyclic composition factor of a rational group lie in
{2,3,5,7,11}, and it still continues to be an open problem to show that 7 and 11 cannot occur [9].)
Recently, D. Chillag and S. Dolﬁ [1] showed that a solvable group G satisfying the condition that
all its elements are either rational or quadratic has order |G| divisible only by primes in the set
{2,3,5,7,13,17}, although no example of such groups of order divisible by 17 is known (recall that
g ∈ G is quadratic if |Q(g) : Q| = 2). Our main result in this paper deals with the dual situation
for characters. Of course, a character χ of G is quadratic if |Q(χ) : Q| = 2, and a group G is called
quadratic rational if every χ ∈ Irr(G) is either rational or quadratic.
Theorem A. Let G be a quadratic rational solvable group, and p a prime divisor of |G|. Then p lies in
{2,3,5,7,13}.
Note that if p lies in {2,3,5,7,13}, then the Frobenius group of order p(p − 1)/2 is quadratic
rational, so Theorem A cannot be improved by removing any prime from the given list. If we drop
the solvability assumption, it seems that the possible non-abelian chief factors that can occur in a
quadratic rational group can be determined, and this problem is treated in work in preparation by
P.H. Tiep. It remains a challenge to classify the primes dividing the cyclic composition factors of
quadratic rational groups.
Write Q(G) for the ﬁeld generated by the values of all characters of G over Q. The following gives
a positive answer to a question posed by D. Chillag and S. Dolﬁ in [1].
Theorem B. Let G be a solvable group satisfying that every element of G is either rational or quadratic. Then
the degree |Q(G) :Q| is less or equal than 27 .
It is possible to obtain an analogue to Theorem B for quadratic rational groups as a consequence
of Theorem A, so if G is quadratic rational and solvable then Q(G) has bounded index over Q (see
Section 4 below).
We shall show that Theorem A can be generalized in order to obtain a bound for the set of
primes dividing the order of a solvable group whose irreducible characters have “small”-degree ﬁelds
of values:
Theorem C. Let G be a solvable group satisfying the condition that |Q(χ) : Q|  k for all χ ∈ Irr(G). Then
the set of prime divisors of |G| is bounded by a function of k. As a consequence, the degree |Q(G) : Q| is also
bounded in terms of k.
This result gives a positive answer to a question by Alexander Moretó, and it can be used to obtain
an alternative proof of Lemma 2.1 of [8]. Note that Theorem C can be viewed as a stronger form of
the main result in the work by Farias e Soares [2] (the main theorem in [2] states that for G solvable
the set of primes dividing |G| is bounded by a function of |Q(G) :Q|).
2. Preliminaries
Our goal in this section is to obtain some preliminary results needed for the proof of Theorem A
and Theorem C in the Introduction.
Following [1], an element x ∈ G is called semi-rational in G if there exists an integer m such that
any generator of 〈x〉 is conjugate in G to either x or xm . Also, a group G is semi-rational if all its
elements are semi-rational. The main result in [1] states that if p is a prime divisor of a semi-rational
solvable group, then p lies in {2,3,5,7,13,17}, and examples are provided of semi-rational solvable
groups of order divisible by the primes in the list, except for 17.
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ﬁelds of values. If n is any positive integer, we denote by Qn the cyclotomic ﬁeld obtained by adjoining
a primitive complex nth root of unity to Q.
Lemma 1. Let x ∈ G. Then x is semi-rational in G if and only if x is either rational or quadratic in G.
Proof. Let n = o(x). Recall that if σ ∈ Gal(Qn/Q), then there exists a unique integer 1 t  n coprime
to n such that ξσ = ξ t , for all primitive nth roots of unity ξ ∈C. In fact, it is easy to see that the map
Gal(Qn/Q) → Aut
(〈x〉)
σ → f (1)
deﬁned by f (x) = xt when ξσ = ξ t is a well-deﬁned group isomorphism, using the same notation as
above. If χ ∈ Irr(G), then χ(x) ∈Qn and
χ(x)σ = χ(xt).
We can identify NG(〈x〉)/CG (x) with a subgroup of Aut(〈x〉) in a natural way. Using the fact that x and
xt are conjugate in G if and only if χ(x) = χ(xt) for all χ ∈ Irr(G), we easily see that the map (1)
restricts to a group isomorphism
Gal
(
Qn/Q(x)
) → NG(〈x〉)/CG(x).
The result now follows, since x is semi-rational in G if and only if NG(〈x〉)/CG (x) has index at most
2 in Aut(〈x〉), and x is rational or quadratic in G if and only if Gal(Qn/Q(x)) has index at most 2 in
Gal(Qn/Q), by basic Galois theory. 
When dealing with ﬁelds of values of characters in ﬁnite groups, it is sometimes convenient to
work with the so-called semi-inertia group. Let M  G and θ ∈ Irr(M). The inertia group T of θ in G
is the stabilizer of θ in the natural action of G on Irr(M) by conjugation, and the semi-inertia group
T ∗ of θ in G is deﬁned as
T ∗ = {g ∈ G ∣∣ θ g = θσ for some σ ∈ Gal(Q(θ)/Q)}.
Observe that it follows directly from the deﬁnition that T  T ∗  G .
Let us now recall a useful fact on extension of characters. As before, suppose that M  G , and
assume that θ ∈ Irr(M) is invariant in G . If (o(θ)θ(1), |G : M|) = 1, then there exists a unique extension
θˆ ∈ Irr(G) of θ such that (o(θˆ), |G : M|) = 1. In fact, o(θˆ) = o(θ). The character θˆ is called the canonical
extension of θ to G (see Corollary 8.16 of [4]).
Canonical extensions have a good behaviour with respect to ﬁelds of values. For instance, following
the notation in the previous paragraph, we have that Q(θ) =Q(θˆ ). To see this, ﬁrst note that Q(θ) ⊆
Q(θˆ ), because θˆ extends θ , so we only need to prove the reverse containment. Suppose that n is a
multiple of |G|, so G = Gal(Qn/Q(θ)) acts naturally on both sets Irr(G) and Irr(M). Take σ ∈ G , and
note that θˆσ ∈ Irr(G) extends θ , because θ is G-invariant. Observe that o(θˆσ ) = o(θˆ), and so θˆσ = θˆ
by uniqueness of the canonical extension. It follows that Q(θˆ ) ⊆Q(θ), as wanted.
Lemma 2. Let G be a ﬁnite group satisfying that |Q(χ) : Q|  k for all χ ∈ Irr(G). Suppose that M  G
with (|M|, |G/M|) = 1, and let θ ∈ Irr(M). Then T ∗/T is isomorphic to a subgroup of index at most k of
Gal(Q(θ)/Q), where T and T ∗ are the inertia and semi-inertia groups of θ in G, respectively.
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spondence, we have that ψ = θˆG ∈ Irr(G). So by hypothesis |Q(ψ) :Q| k. The map
ϕ : T ∗ → Gal(Q(θ)/Q(θG))
deﬁned by g → σ whenever θ g = θσ is a well-deﬁned, surjective group homomorphism with kernel T
(see Lemma 2.3 of [7]).
Now, we claim that Q(θG) = Q(ψ). Of course, the Galois group Gal(Q|G|/Q) acts naturally on the
sets of characters of G and M . Now, by elementary Galois theory it suﬃces to show that the characters
θG and ψ are ﬁxed precisely by the same ﬁeld automorphisms of Q|G| .
Suppose ﬁrst that σ ∈ Gal(Q|G|/Q) is such that ψσ = ψ . Since M  G , we have that θσ = θ g for
some g ∈ G , by Clifford’s Theorem 6.2 of [4]. Then (θG)σ = (θσ )G = (θ g)G = θG . Assume now that
σ ∈ Gal(Q|G|/Q) ﬁxes θG . Arguing as before, we have that θσ = θ g for some g ∈ T ∗ , so θ = (θ g)σ−1 .
In particular g normalizes T and, if θˆ is the canonical extension of θ to T , then (θˆ g)σ
−1 = θˆ by
uniqueness of the canonical extension. So θˆσ = θˆ g and thus
(
θˆG
)σ = (θˆσ )G = (θˆ g)G = θˆG .
Finally, the claim implies that ϕ induces an isomorphism from T ∗/T onto Gal(Q(θ)/Q(ψ)), and
by Galois theory we have that Gal(Q(θ)/Q(ψ)) is a subgroup of index at most k in Gal(Q(θ)/Q). 
Note that in the notation of Lemma 2, we have that if G is quadratic rational then T ∗/T is iso-
morphic to a subgroup of index a divisor of 2 of Gal(Q(θ)/Q), for every θ ∈ Irr(M).
We shall need a result on ﬁelds of values of Brauer characters, which we present next. Let R be
the ring of algebraic integers in C, and ﬁx a prime p. We chose a maximal ideal M of R containing
pR , and write F = R/M , which is a ﬁeld of characteristic p. Also, let
∗ : R → F
be the canonical homomorphism.
We write U = {ξ ∈ C | ξm = 1 for some integer m not divisible by p} ⊆ R for the multiplicative
group of p′th roots of unity. Let E = Zp be the ﬁeld of p elements. By Lemma 2.1 of [5], the restriction
of ∗ to U deﬁnes an isomorphism U → F× of multiplicative groups, and F is the algebraic closure of
its prime ﬁeld Z∗ ∼= E .
Suppose that X is an irreducible E-representation of the ﬁnite group G . Since the prime ﬁeld of
F is isomorphic to E , we can view X as an F -representation of G , and as such denote it by X F .
Now, every irreducible constituent of X F affords an irreducible Brauer character of G , and these
Brauer characters are the irreducible constituents (counting multiplicities) of the Brauer character of
G afforded by X F .
Before proving the result on ﬁelds of values of Brauer characters that we need, we recall that
modular characters arise in solvable groups naturally. If G is solvable and M is a minimal normal
subgroup of G , then M is an elementary abelian p-group for some prime p. In particular, both M
and Irr(M) are vector spaces over the ﬁeld of p elements Zp = Z/pZ, with the product of elements
and the product of characters in M , respectively. Both M and Irr(M) are Zp[G]-modules with the
corresponding actions of G on them by conjugation, and hence each of them affords a p-Brauer
character of G .
Lemma 3. Let G be a ﬁnite group andX an irreducibleZp-representation of G. Ifψ,ϕ ∈ IBr(G) are irreducible
constituents of the Brauer character of G afforded by X F , then ψσ = ϕ for some σ ∈ Gal(Q|G|/Q).
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occur with multiplicity 1. Also, the F -characters of G afforded by these representations constitute a
Galois conjugacy class over E = Zp .
Suppose that Y,Z are irreducible constituents of X F affording the Brauer characters ψ and ϕ ,
respectively, and let ν, δ be the F -characters afforded by Y and Z , respectively. We have that E(ν) =
E(δ) = L and there exists an automorphism α ∈ Gal(L/E) such that να = δ. Also, note that since F is
an algebraic closure of L, there exists a ﬁeld automorphism ρ : F → F extending α.
Now we deﬁne a group automorphism τ ∈ Aut(U ) as follows: ﬁrst do ∗ : U → F× , then ρF× : F× →
F× , and ﬁnally (∗)−1 : F× → U . Of course, τ permutes the set of primitive |G|p′ th roots of unity, and
thus if ξ ∈ U is such a root, then τ (ξ) = ξm for an integer m coprime with |G|p′ . By Galois theory, we
know that there exists a unique σ ∈ Gal(Q|G|/Q|G|p ) such that σ(ξ) = ξm .
Note that the F -representation Yρ of G is irreducible, and it affords the F -character δ. Then, by
Theorem 9.22 of [4], Yρ is similar to Z . In particular, Yρ affords the Brauer character ϕ of G . Hence,
in order to prove the result it suﬃces to show that the Brauer character of G afforded by Yρ is ψσ .
Let g be a p-regular element of G . It is not diﬃcult to check that if 1, . . . , n are the eigenvalues
of Y(g) in F , then ρ(1), . . . , ρ(n) are the eigenvalues of Yρ(g) in F . Now, if λ1, . . . , λn ∈ U are such
that (λi)∗ = i then ψ(g) = λ1 + · · · + λn . Note that o(g) divides |G|p′ , and o(λi) = o(i) divides o(g),
so λi ∈ 〈ξ〉. Hence (λim)∗ = ρ(i), because τ is multiplicative. Therefore, if η is the Brauer character
of G afforded by Yρ , then
η(g) = λ1m + · · · + λnm = ψ(g)σ = ψσ (g). 
If ϕ is a p-Brauer character of G , then the ﬁeld of values of ϕ is deﬁned in the obvious way Q(ϕ) =
Q(ϕ(g) | g ∈ G is p-regular). In the notation of Lemma 3, it is clear that Q(ψ)σ =Q(ϕ). Observe that
Gal(Q|G|/Q) is an abelian group, and thus by Galois theory Q(ψ)/Q is a normal extension. So we
have that Q(ψ) = Q(ϕ). In particular, the values of the Brauer character of G afforded by X F are
contained in Q(ϕ), for any irreducible constituent ϕ ∈ IBr(G) of the Brauer character afforded by X F .
3. Proof of Theorem A
Suppose that G acts on a ﬁnite-dimensional vector space V over a ﬁnite ﬁeld F . The action of G
on V is said to have the h-eigenvalue property, for a positive integer h, provided that h divides |F×|,
and that for every v in V , there exists g ∈ G , such that vg = μv where μ is some ﬁxed element of
order h in F× (see [2]).
Note that since F× is a cyclic multiplicative group, the choice of the particular element μ of
order h in the previous deﬁnition is not relevant. Also, if the action of G on V has the h-eigenvalue
property, it is immediate that it also has the l-eigenvalue property for every divisor l of h.
The following result, which is contained in Theorem B of [2], is essential in our proof of Theorem A
and Theorem C.
Theorem 4 (Farias e Soares). Let a solvable group G act on a ﬁnite-dimensional Zp-vector space V , with the
prime p not dividing |G|. If the action has the h-eigenvalue property and η is the Brauer character afforded
by V , then either |Q(η) : Q| p/(6√3) or Q(η) contains a primitive (h/(h,4))th root of unity. In any case,
if q = 3 is a prime divisor of h thenQ(η) contains a primitive qth root of unity.
Note that the character η in Theorem 4 is in fact an ordinary character of G , because p does not
divide |G|.
Theorem 5. Let G be a quadratic rational solvable group and p a prime divisor of |G|. Then p  19 and p = 11.
Proof. Use induction on |G|, and note that we can assume that G has a unique minimal normal
subgroup. Otherwise let M,N be two distinct minimal normal subgroups of G , so G is isomorphic
to a subgroup of G/M × G/N . It is clear that both G/M and G/N are quadratic rational and thus
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so the result follows in this case.
By the ﬁrst paragraph, let M be the unique minimal normal subgroup of G , which is elementary
abelian. By induction, all prime divisors of |G/M| satisfy the condition in the statement, so we can
assume that M is a p-group for a prime p > 19 or p = 11. In particular p does not divide |G/M|.
Now, let H be a complement of M in G and write V = Irr(M). Since M is a minimal normal
subgroup of G , V is an irreducible Zp-module of H , the action being deﬁned by conjugation of H
on V .
Observe that by Lemma 3, we have that if η is the Brauer character of H afforded by V , then
Q(η) ⊆ Q(ϕ) for an irreducible constituent ϕ of η. Since p does not divide |H|, we have that ϕ ∈
Irr(H), and thus ϕ is either rational or quadratic, because H ∼= G/M is quadratic rational. In particular,
η is either rational or quadratic.
We claim that the action of H on V has the h-eigenvalue property for h = (p − 1)/2. Fix μ ∈ Z×p
of order h, and let θ ∈ V be non-principal. Then Q(θ) = Qp , and so G = Gal(Q(θ)/Q) is cyclic of
order p − 1. Now, write T and T ∗ for the inertia and semi-inertia groups of θ in G , respectively. By
Lemma 2.3 of [7], the equation θ g = θσ deﬁnes an injective group homomorphism gT → σ from
T ∗/T into G , and the image of this map is a group H of index a divisor of 2 in G , by (the proof of)
Lemma 2.
Now, let σ ∈ G be deﬁned by ξσ = ξμ , where ξ ∈ C is any primitive complex pth root of unity
(note that we have identiﬁed the equivalence class μ ∈ Zp = Z/pZ with a representative of it). Since
μ ∈ Z×p has order h, the order of the automorphism σ ∈ G is h as well. In particular, 〈σ 〉 is the unique
subgroup of order h of G , and hence 〈σ 〉H because G is cyclic. Then there exists g ∈ T ∗ such that
θ g = θσ = θμ , and we deduce that the action of H on V has the h-eigenvalue property, as claimed.
By the claim, Theorem 4 applies to the action of H on V . So Q(η) contains a primitive qth root of
unity for every prime q = 3 dividing (p − 1)/2. Since Q(η) has degree at most 2 over Q, this leads to
p − 1 = 2a · 3b . If p  12√3 we have that p  19, and also p = 11. Otherwise, Theorem 4 implies that
a 5 and b 1, and a 4 if b = 1, again because |Q(η) :Q| 2. This gives p  19, and since p = 11,
we obtain the desired contradiction. 
In order to complete the proof of Theorem A, we need to show that the order of a quadratic
rational solvable group cannot be a multiple of 17 or 19. The proof of this fact contains arguments
from Lemma 4.15 of [2] and Lemma 6 of [3].
Theorem 6. Let G be a quadratic rational solvable group and p a prime divisor of |G|. Then p = 17,19.
Proof. Arguing as in the proof of Theorem 5, we can assume that G has a unique minimal normal
subgroup M . Also, M is an elementary abelian p-group, for p ∈ {17,19}, and p does not divide |G/M|.
Let H be a complement of M in G , so H acts on the Zp-vector space V = Irr(M) by conjugation, and
the action has the h-eigenvalue property for h = (p−1)/2. Furthermore, the character η of H afforded
by V is either rational or quadratic.
Let T  H be the stabilizer a non-trivial irreducible character of M under the action of H , and
choose T so that it is not properly contained in any other stabilizer of a non-trivial irreducible char-
acter of M in H . Let also N = NH (T ) and W = CV (T ). Then, by Lemma 4.1 of [2], the action of N/T
on W is Frobenius, it has the h-eigenvalue property and if η0 is the Brauer character of N/T afforded
by W , then Q(η0) is contained in Q(η). In particular, η0 is either rational or quadratic. Then, chang-
ing the notation if necessary, we can assume that H acts on V with the h-eigenvalue property, that
this action is Frobenius, and that the character η of H afforded by V is either rational or quadratic.
However, note that H does not need to be quadratic rational anymore. (Of course, in order to make
this assumption we identify H with N/T , V with W and η with η0.)
Assume ﬁrst that p = 19, so the action of H on V has the 9-eigenvalue property. Here, we can
argue as in Lemma 4.15 of [2]. Since Q(η) does not contain a primitive 9th root of unity, Lemma 4.12
of [2] applies, and we have that 3 divides the dimension of V . Write dim V = 3d, and let L be the
normal 3-complement of O 3
′
(G) (see Lemma 3.4 of [2]). If L is cyclic, by Lemma 4.3 and Lemma 4.12
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from [2] we also have |L|  (192d + 19d + 1)/3  127 and we get a contradiction. If L is not cyclic,
then q = 3 and O 2(G) ∼= Q 8. Then 4d2  Φ(|A|)  6d, where A is the normal cyclic 2-complement
of L, by the mentioned results on [2]. This leads to |A| 18, but by Lemma 4.12 of [2] we have that
|A| (192d + 19d + 1)/12 > 31, a contradiction.
Assume now that p = 17 and that the Sylow 2-subgroups of G are cyclic. Arguing as before, since
the action of H on V has the 8-eigenvalue property and Q(η) does not contain any primitive 8th root
of unity, it follows by Lemma 4.12 of [2] that dim V = 2d for some integer d. As before, by Lemmas 4.3
and 4.12 of [2] we have that d(d + 1)/2  Φ(|L|)  4d, where L is the normal cyclic 2-complement
of O2
′
(G) (see Lemma 3.4 of [2]). This gives |L|  45, and if d = 1 then |L|  5. But by Lemma 4.12
of [2], |L| (17d + 1)/2, which is a contradiction.
Finally, suppose that p = 17 and that the Sylow 2-subgroups of G are generalized quaternion
groups. Now, we can argue as in Step 5 of Lemma 6 of [3]. Let S ∈ Syl2(G) and note that S has order
at least 24, because the action of H in V has the 8-eigenvalue property and thus exp(S) 8. Let 〈a〉
be the unique cyclic maximal subgroup of S . The only normal subgroup of S of index 4 is S ′ = 〈a2〉.
By Lemma 3.3 of [2], if K = O2(H) then |S : K | divides 4, and we deduce that a2 ∈ K .
Let λ ∈ F× be of order 8, where F is an algebraic closure of Zp , and write λ2 = σ . Then, for any
0 = v ∈ V there exists h ∈ H of order 8 such that vh = vλ. Since S contains a unique subgroup of
order 8, we can assume that h = a2t−3 , where o(a) = 2t  23. Hence h2 ∈ K . Now, since vh2 = vσ ,
notice that we have shown that for any non-zero v ∈ V there exists y ∈ K with o(y) = 4 such that
vy = vσ . Of course, the same conclusion is true if we change σ for σ−1 (just take y−1 ∈ K instead
of y).
Now, let n ∈ H with o(n) = 4. Since the action of H on V is Frobenius and F× contains a unique
cyclic subgroup of order 4, the eigenvalues of n on H are either σ or σ−1. We can assume without
loss that σ is an eigenvalue of n, so there exists a non-zero v ∈ V such that vn = vσ . Now, by the
previous paragraph, there exists y ∈ K such that vy = vσ , and it follows by Frobenius action that
n = y. In particular, K contains every element of order 4 of H , and we deduce that K = S , because
the elements of order 4 of a generalized quaternion group generate the whole group.
By the previous paragraph, we have that H has a unique cyclic subgroup C of order 8. Then,
by the previous 2 paragraphs, we have that every element n of H with o(n) = 4 is a power of an
element of order 8 of C . In particular, every element of order 4 of H necessarily lies in C , which is
a contradiction. 
4. An answer to a question by Chillag and Dolﬁ
In this section we give a positive answer to Problem 1 of [1]. More precisely, if G is a solvable
semi-rational group, we prove that there is an upper bound for the degree |Q(G) :Q|.
Theorem 7. Let G be a solvable semi-rational group. Then |Q(G) :Q| 27 .
Proof. Suppose that |G| = n. Of course, we can assume that G is not a rational group. By Lemma 1,
Q(G) is generated by quadratic elements (recall that ω ∈ C is quadratic over Q if |Q(ω) : Q| = 2).
Also Q(G) ⊆ Qn . By Lemma 7 of [1], G = Gal(Q(G)/Q) is an elementary abelian 2-group, and of
course |G| = |Q(G) :Q|, by Galois theory.
Write Gn = Gal(Qn/Q). Now G ∼= Gn/Gal(Qn/Q(G)), and thus Gal(Qn/Q(G)) contains the unique
normal 2-complement of Gn . So G is isomorphic to an elementary abelian factor group of the unique
Sylow 2-subgroup P of Gn .
For any prime divisor p of |G|, write Gp for the Galois group of Q|G|p over Q. Note that G2 is an
abelian 2-group of rank at most 2, and the Sylow 2-subgroup of Gp is cyclic for any odd prime p.
Since Gn ∼= Gp1 × · · · × Gpl , where p1, . . . , pl are the distinct prime divisors of |G|, in any case it
follows that P can be generated by l + 1 elements. Hence |P/Φ(P)|  2l+1, and we deduce that
|Q(G) :Q| 2l+1. Now, since G is semi-rational, its order |G| is divisible by at most 6 distinct primes,
by Theorem 2 of [1], and so we obtain the bound |Q(G) :Q| 27, as wanted. 
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Hence, we can use Theorem A to obtain the following.
Corollary 8. Let G be a quadratic rational solvable group. If |G| is divisible by l distinct primes, then
|Q(G) :Q| 2l+1 . In particular, |Q(G) :Q| 26 .
5. A general bound
The main result in [2] states that if G is a solvable group with |Q(G) : Q| = n and p is a prime
divisor of |G|, then p  16n2 + 1. In this section we show that it is possible to bound the primes
dividing |G| just by looking at the ﬁelds of values of single irreducible characters of G . That is, if G is
a solvable group satisfying the condition that |Q(χ) : Q| k for all χ ∈ Irr(G), then the set of prime
divisors of |G| is bounded in terms of k.
Lemma 9. Let k,n be positive integers. Suppose that a1, . . . ,as are distinct positive divisors of n satisfying
n/ai  k. Then Gcd(a1, . . . ,as) n(k − s)!/k!.
Proof. Since the divisors ai are distinct, we can assume that n/ai  k − i + 1 for each i. Now, use
induction on s. 
Lemma 10. Let G be a ﬁnite group satisfying that |Q(χ) : Q|  k for all χ ∈ Irr(G). Suppose that M  G
is p-elementary abelian for a prime p not dividing |G : M|. Then the natural action of G on Irr(M) has the
h-eigenvalue property for some h (p − 1)/k!.
Proof. Let θ ∈ Irr(M) be non-principal, and write T , T ∗ for the inertia and semi-inertia groups of θ
in G , respectively. By Lemma 2, T ∗/T is isomorphic to a subgroup of index at most k of Gal(Qp/Q).
Hence, there exists μ ∈ Z×p with o(μ)  (p − 1)/k and g ∈ G such that θ g = θμ (we identify the
equivalence class μ ∈ Z/pZ with a representative of it).
Since there are at most k distinct positive divisors of p − 1 which are greater or equal than
(p − 1)/k, it follows from Lemma 9 that
h = Gcd{o(ν) ∣∣ ν ∈ Z×p , o(ν) (p − 1)/k} (p − 1)/k!.
Note that if λ ∈ Z×p with o(λ) = h, then λ ∈ 〈μ〉. In particular, since θ g = θμ , we have that θ gi = θλ
for some power gi of g . We deduce that the action of G on Irr(M) has the h-eigenvalue property, as
wanted. 
Write π(n) for the set of prime divisors of a positive natural number n.
Theorem 11. Let G be a solvable group satisfying the condition that |Q(χ) : Q|  k for all χ ∈ Irr(G). Then
the set of prime divisors of |G| is bounded in terms of k.
Proof. Deﬁne the function f :N→N by
f (m) = max{24m! + 1,4m2m! + 1}.
We claim that π(|G|) is bounded by f (k).
Use induction on |G|. Arguing as in Theorem 5, we can assume that G has a unique minimal
normal subgroup M . Of course, every χ ∈ Irr(G/M) satisﬁes that |Q(χ) :Q| k, and thus π(|G/M|)
f (k) by induction. Also, M is an elementary abelian p-group for a prime p > f (k).
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Irr(M) by conjugation has the h-eigenvalue property, for some integer h  (p − 1)/k!. Let η be the
Brauer character of H ∼= G/M afforded by the Zp-module Irr(M). Then, by Theorem 4 we have that
either |Q(η) :Q| p/(6√3) or Q(η) contains a primitive (h/(h,4))th root of unity.
Suppose that ϕ ∈ IBr(G) is a constituent of η. By Lemma 3, we have that Q(η) is contained
in Q(ϕ). Also, note that since p does not divide |G/M| we have that ϕ ∈ Irr(G/M), and thus
|Q(ϕ) :Q| k by hypothesis. In particular, |Q(η) :Q| k.
By assumption, we have that p > f (k) > 6
√
3k, and hence Q(η) contains a primitive (h/(h,4))th
root of unity, by Theorem 4. In particular |Q(η) : Q|  Φ(h/(h,4)), where Φ is the Euler function.
Observe that if h/(h,4) ∈ {2,6} then h  24 and thus p  24k! + 1  f (k). So h/(h,4) = 2,6 and
then h/4  h/(h,4)  Φ(h/(h,4))2 by Lemma 1.1 of [2]. But this implies that p  4k2k! + 1  f (k),
a contradiction. 
It is clear that the ﬁeld Q(G) generated by the values of all irreducible characters of a group G
is the smallest ﬁeld containing all the ﬁelds Q(χ1), . . . ,Q(χs), where χ1, . . . ,χs are the irreducible
characters of G .
Corollary 12. Let G be a solvable group satisfying the condition that |Q(χ) : Q| k for all χ ∈ Irr(G). Then
|Q(G) :Q| is bounded in terms of k.
Proof. By Theorem 11, the set π(|G|) is bounded in terms of k. Hence, if p1, . . . , pl are the prime
divisors of |G|, then l is bounded in terms of k.
Of course, Q(G) is contained in Q|G| . Since |Q(χ) :Q| k for every χ ∈ Irr(G), it suﬃces to show
that the number of ﬁeld extensions Q ⊆ L ⊆ Q|G| with |L : Q| k is bounded in terms of k. By basic
Galois theory, this is equivalent to show that the number of subgroups H of G = Gal(Q|G|/Q) with
|G :H| k is bounded in terms of k. Since G is abelian, this is the same as proving that the number
of subgroups H G of order |H| k is bounded by a function of k.
By last paragraph, it is clear that the result will follow if we prove that the number of elements in
G of order less or equal that k is bounded in terms of k. Now, for each prime divisor p of |G|, write
Gp = Gal(Q|G|p/Q), and note that G = Gp1 × · · · × Gpl . Observe that it suﬃces to show that for each
1  i  l, the number of elements of order at most k in Gpi is bounded in terms of k, because l is
bounded in terms of k. This is clear when pi is odd because Gpi is cyclic. Since G2 is an abelian group
of rank at most 2, an elementary argument yields to the same conclusion in this case. 
6. Examples
As mentioned in the Introduction, if p is a prime in {2,3,5,7,13}, then the Frobenius group of
order p(p − 1)/2 is quadratic rational, so no prime can be removed from the list given in Theorem A.
Let G be a group of odd order. By G. Navarro’s Theorem A of [6], the number of irreducible
quadratic characters of G equals the number of quadratic conjugacy classes of G . In particular, since
the only rational class of G is the class containing the identity and the unique irreducible rational
character of G is the principal character (because G has odd order), it follows that G is quadratic ra-
tional if and only if G is semi-rational, when |G| is odd. As a consequence, a quadratic rational group
of odd order is either a 3-group or a {3,7}-group and its structure is known (see Theorem 3 of [1]).
It is not true that the families of quadratic rational groups and semi-rational groups coincide, even
if we restrict ourselves to solvable groups. For instance, the group G of order 32 deﬁned by
G = 〈a,b, c ∣∣ a2 = b2 = c8 = 1, [b, c] = 1, ba = bc4, ca = c3〉
is semi-rational but it is not quadratic rational. Similarly, the group
H = 〈a,b, c ∣∣ a2 = b2 = c8 = 1, [b, c] = 1, ba = b, ca = bc3〉,
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natural actions of Gal(Q32/Q) on the set of irreducible characters of G and on the set of conjugacy
classes of G are not permutation isomorphic, and the same holds for H . In fact, G and H are groups
of smallest possible order satisfying this.)
Finally, we construct some examples of quadratic rational solvable groups of order divisible by 13.
Let F be the ﬁeld of 13 elements and suppose that 〈ξ〉 = F× . Write G = GL(2,13), and let P ∈ Syl13(G)
be generated by a =
(
1 ξ
0 1
)
. Note that both elements
b =
(
1 0
0 −1
)
and
c =
(
ξ2 0
0 ξ4
)
of G normalize P . Now, the subgroup 〈a,b, c〉 = H  G has order |H| = 22 · 3 · 13 and is quadratic
rational. Furthermore, the semidirect product V  H of H with the natural module V = V (2,13) is
quadratic rational. Also, if
I =
〈(
0 1
1 0
)
,
(
ξ 0
0 −ξ
)〉
 G
then V  I has order 23 · 3 · 132 and is quadratic rational.
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